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The space of (2, 0) models is of particular interest among all heterotic-string models because it includes 
the models with the minimal SO(10) uniﬁcation structure, which is well motivated by the Standard 
Model of particle physics data. The fermionic Z2 × Z2 heterotic-string models revealed the existence 
of a new symmetry in the space of string conﬁgurations under the exchange of spinors and vectors of 
the SO(10) GUT group, dubbed spinor–vector duality. In this paper we generalize this idea to arbitrary 
internal rational conformal ﬁeld theories (RCFTs). We explain how the spectral ﬂow operator normally 
acting within a general (2, 2) theory can be used as a map between (2, 0) models. We describe the 
details, give an example and propose more simple currents that can be used in a similar way.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
String theory provides a detailed framework to explore the 
uniﬁcation of the gauge and gravitational interactions, for com-
prehensive reviews and references see, e.g., [1]. The construction 
of phenomenological models that can make contact with the real 
world has been of great interest and understanding their underly-
ing structure can be especially elucidating. However, the vastness 
of the a priori possible vacuum solutions impedes progress towards 
the construction of a standard string model. In this respect, the 
study of various relationships between different models can be 
very fruitful. In particular, it may have far reaching implications 
for the interpretation of the landscape of string vacua.
In the heterotic constructions the left and right moving sec-
tors are treated asymmetrically. Of particular interest are the so 
called (2, 0) models1 because it is known that N = 1 spacetime su-
persymmetry requires (at least) (2, 0) world-sheet supersymmetry 
and because they can accommodate SO(10) uniﬁcation. The prob-
lem is that the space of these models is huge. For example, even 
though the number of (2, 2) Gepner models [2] is quite tractable 
and they have been studied in detail [3,4], the number of (2, 0)
models that arise is much greater [4]. For this reason it would be 
very useful to discover relations in the space of such models.
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SCOAP3.In this paper we will make a small step in this direction by get-
ting inspiration from a new kind of duality that comes under the 
name spinor–vector duality and was observed in Z2 × Z′2 orbifold 
models [5–10]. It is a duality of the massless spectra of two such 
models under the exchange of vectorial and spinorial representa-
tions of the SO(10) GUT gauge group.
These models turn out to be related through the spectral ﬂow 
operator and the underlying CFT structure of the spinor–vector du-
ality for Z2 × Z′2 orbifolds was discussed in [10]. Even though the 
form of the duality as expressed in these references is restricted to 
Z2 × Z′2 orbifolds, the important idea that the spectral ﬂow map 
can be used to relate different (2, 0) models is much more gen-
eral. It is the purpose of this paper to explain the details of this 
mapping and the exact relationship between the mapped models.
The outline of this paper is as follows: In Section 2 we dis-
cuss the spinor–vector duality in the fermionic Z2 × Z2 heterotic-
string orbifolds. Understanding how the duality operates in the 
free fermionic constructions hints at how similar dualities may 
work in the case of interacting CFTs. In Sections 3 and 4 we review 
the deﬁnition of the spectral ﬂow and the simple current formal-
ism which will allow us to construct (2, 0) models from a generic 
(2, 2) model. In Section 5 we explain how the spectral ﬂow in-
duces a map between different (2, 0) models and in Section 6 we 
analyze the consequences of this idea. Section 7 provides an ex-
ample of how to use the derived results. We conclude with a brief 
discussion and possible generalizations in Sections 8 and 9.
2. The spinor–vector duality case
In this section we outline the spinor–vector duality in the case 
of the fermionic Z2 × Z2 heterotic-string orbifolds. The discussion  under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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els with an interacting internal CFT. The presentation here will 
be qualitative and further technical details are given in the ref-
erences.
In the free fermionic formulations of the compactiﬁed string 
[11] all the internal degrees of freedom are represented in terms of 
free world-sheet fermions. Therefore, in this formulation the inter-
nal compactiﬁed dimensions are represented in terms of an inter-
nal CFT with vanishing interactions. Additionally, the well known 
relations between two dimensional fermions and bosons entail 
that the free fermionic formulation is equivalent to a free bosonic 
formulation, i.e. to toroidal orbifolds.
A string vacuum in the free fermionic formulation is deﬁned 
in terms of boundary condition basis vectors and the Generalized 
Gliozzi–Scherk–Olive (GGSO) projection coeﬃcients of the one-
loop partition function [11]. The gauge symmetry is generated by 
spacetime vector bosons that arise from the untwisted as well as 
the twisted sectors. The spacetime vector bosons arising in the 
twisted sectors enhance the untwisted gauge group factors un-
der which they are charged. Speciﬁc enhancements depend on the 
states that remain in the physical spectrum after application of the 
GGSO projections. Similarly, the matter states in the free fermionic 
models are obtained from the untwisted and twisted sectors. The 
spinor–vector duality in the free fermionic vacua operates on the 
matter states in the twisted sectors.
The free fermionic vacua correspond to Z2 and Z2 × Z2 orb-
ifolds at enhanced symmetry points in the moduli space [12]. In 
this section we review the spinor–vector duality in Z2 orbifolds. 
By doing this we recap the ingredients that are needed for the 
generalization to interacting internal CFTs. The simplest realization 
of the spinor–vector duality is in the case of a single Z2 orbifold 
acting on the E8 × E8 heterotic-string compactiﬁed on a generic 
six torus. Taking for simplicity the internal torus as a product of 
six circles with radii Ri , the partition function (omitting the con-
tribution from the spacetime bosons) reads
Z+ = (V8 − S8)
(∑
m,n
Λm,n
)⊗6
(O16 + S16)(O 16 + S16), (1)
where as usual, for each circle,
piL,R =
mi
Ri
± ni Ri
α′
, and Λm,n = q
α′
4 p
2
L q¯
α′
4 p
2
R
|η|2 , (2)
and we have written Z+ in terms of level-one SO(2n) characters 
(see for instance [13])
O 2n = 1
2
(
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+ θ
n
4
ηn
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2
(
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ηn
− θ
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ηn
)
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2
(
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2
(
θn2
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− i−n θ
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1
ηn
)
.
We next apply the orbifold projections
Z2 : g = (−1)F1+F2δ,
Z
′
2 : g′ = (x4, x5, x6, x7, x8, x9)
−→ (−x4,−x5,−x6,−x7,+x8,+x9). (3)
F1 and F2 in (3) ﬂip the sign in the spinorial representations of 
SO(16)1 and SO(16)2, generated by ξ1 = {ψ¯1,...,5, η¯1,2,3} and ξ2 =
{φ¯1,...,8} respectively, and δ shifts the compact X9 coordinate by 
half of its period, i.e.
δ : X9 → X9 + π R9 ⇒ Λm,n → (−1)mΛm,n. (4)The Z2 projection in (3) breaks the E8 × E8 gauge group to 
SO(16) × SO(16) and preserves N = 4 spacetime supersymmetry. 
The additional Z′2 projection twists the compactiﬁed coordinates 
and preserves only N = 2 spacetime supersymmetry. Its generator 
g′ reverts the sign of four internal coordinates Xi , i = 4, 5, 6, 7 and 
simultaneously breaks one SO(16) to SO(12) × SO(4).
The action of the Z2 ×Z′2 projections on Z+ is implemented by 
taking
Z− = (1+ g)
2
(1+ g′)
2
Z+. (5)
The ten-dimensional SO(8) little group is broken to SO(4) × SO(4). 
At the same time, the ﬁrst SO(16) gauge group factor is broken 
into SO(12) × SO(4). As a result, the one-loop partition function 
can be written in terms of the spacetime characters,
Q 0 = V4O 4 − S4S4, Q V = V4O 4 − C4C4,
Q S = O 4C4 − S4O 4, QC = V4S4 − C4V4.
There are two independent orbits in the partition function and 
hence one discrete torsion. The full partition function is given by
Z− = Zuntwisted + Zg + Zg′ + Zgg′ . (6)
It consists of the untwisted sector and the three twisted sectors g , 
g′ and gg′ . The untwisted sector gives rise to the vector bosons 
that generate the four dimensional gauge group, whereas the sec-
tors g and gg′ give rise to massive states. To note the spinor–
vector duality it is suﬃcient to focus on the states arising from the 
twisted sector g′ . Summation over the GGSO projections in this 
sector produces the following terms in the partition function:
Zg′ = 12
(∣∣∣∣2ηθ4
∣∣∣∣4 +
∣∣∣∣2ηθ3
∣∣∣∣4
)
Λp,q
[
P01+ Λm,n
(
Q S(V 12C4O 16
+ S12O4S16) + QC (O 12S4O16 + C12V 4S16)
)
+ P01− Λm,n
(
Q S(S12O4O16 + V 12C4S16)
+ QC (O12S4S16 + C12V 4O16)
)]
+ 1
2
(∣∣∣∣2ηθ4
∣∣∣∣4 −
∣∣∣∣2ηθ3
∣∣∣∣4
)
Λp,q
[
P01+ Λm,n
(
Q S(O12S4O16
+ C12V 4S16) + QC (V 12C4O16 + S12O4S16)
)
+ P01− Λm,n
(
Q S(O 12S4S16 + C12V 4O16)
+ QC (S12O4O16 + V 12C4S16)
)]
, (7)
where we deﬁned P01± as
P01± =
1± 1(−1)m
2
. (8)
The spinor–vector duality transformation is transparent in the 
partition function (7). Massless states arise from the untwisted sec-
tor and the g′-twisted sector. The internal winding modes in the g
and gg′-twisted sectors are shifted by 1/2. The states in these two 
sectors are therefore massive. The untwisted sector gives rise to 
spacetime vector bosons that generate the SO(12) × SO(4) × SO(16)
gauge symmetry and to scalar multiplets that transform in the bi-
vector representation of SO(12) × SO(4). Examining the g′-twisted 
sector reveals how the spinor–vector duality operates. Massless 
states arise for vanishing internal momentum and winding modes, 
i.e. m = n = 0. Depending on the choice of the discrete torsion 
1 = ±1, vanishing lattice modes will therefore arise from P01+ Λm,n
or P01− Λm,n , i.e.
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1 = −1 ⇒ P01− Λm,n = Λ2m,n and P01+ Λm,n = Λ2m+1,n.
It follows from the q-expansion of the θ functions that in the case 
with 1 = +1 the zero lattice modes attach to Q S V 12C4O16, which 
produces two massless N = 2 hypermultiplets in the 12 vector 
representation of SO(12), whereas in the case with 1 = −1 the 
zero lattice modes attach to Q S S12O4O 16, which produces a mass-
less N = 2 hypermultiplet in the 32 spinorial representation. It is 
further noted from (7) that in the case with 1 = +1 the term 
Q S O12S4O 16 gives rise to eight additional states from the ﬁrst 
excited modes of the twisted lattice. Hence, the total number of 
degrees of freedom 32 = 12 · 2 + 4 · 2 is preserved under the dual-
ity map.
The realization of the spinor–vector duality in this model pro-
vides a simple example where its origins can be explored and gen-
eralized to cases with interacting world-sheet CFTs. In the toroidal 
case, since all the data of the compactiﬁcation is encoded in the 
toroidal background parameters and the orbifold action on them, it 
is anticipated that the spinor–vector duality is realizable in terms 
of a continuous or discrete map between two sets of background 
parameters. Indeed, in Ref. [10] it was shown that the spinor–
vector duality map is realized in terms of a continuous interpo-
lation between two Wilson lines. The continuous interpolation, 
rather than a discrete transformation, is particular to the cases that 
preserve N = 2 spacetime supersymmetry, i.e. when a single Z2
twist is acting on the internal torus. In this case the moduli ﬁelds 
that enable the continuous interpolation exist in the spectrum and 
are not projected. In the compactiﬁcations with N = 1 spacetime 
supersymmetry, these moduli ﬁelds are projected out. Therefore, 
in the N = 1 cases the spinor–vector duality map is discrete.
The spinor–vector duality can be regarded as a direct conse-
quence of the breaking of the world-sheet supersymmetry on the 
bosonic side of the heterotic-string from N = 2 to N = 0, i.e. from 
(2, 2) world-sheet supersymmetry to (2, 0). In the (2, 2) case the 
gauge symmetry is enhanced to E6 (or E7). In this case the spinor 
and vector representations of SO(10) × U (1) (or SO(12) × SU (2)) 
are embedded in the single 27 (or 56) representation of E6 (or E7). 
The breaking of the (2, 2) world-sheet supersymmetry to (2, 0)
results in the reduction of the enhanced gauge symmetry, by pro-
jecting out the spinorial components of the adjoint representation 
in its decomposition under the corresponding SO(2n) subgroup. At 
the same time the matter multiplets are split into the spinorial 
and vectorial components. The GSO projections may retain either 
the spinorial or the vectorial representation in the massless spec-
trum. The spinor–vector duality is then induced by the spectral 
ﬂow operator. The generalization to interacting internal CFTs can 
therefore proceed along the following lines. We can start with a 
generic compactiﬁcation with (2, 2) world-sheet supersymmetry, 
and subsequently break the N = 2 world-sheet supersymmetry on 
the bosonic side to N = 0. There ought to be choices of the break-
ing that result in different models that are related by the spectral 
ﬂow operator.
We can illustrate the spinor–vector duality in terms of a spec-
tral ﬂow operator by considering the boundary condition basis 
vectors [7] in Eq. (9):
v1 = S =
{
ψμ,χ1,...,6
}
,
v1+i = ei =
{
yi,ωi | y¯i, ω¯i}, i = 1, . . . ,6,
v8 = z1 =
{
φ¯1,...,4
}
,
v9 = z2 =
{
φ¯5,...,8
}
,
v10 = z3 =
{
ψ¯1,...,4
}
,v11 = z0 =
{
η¯0,1,2,3
}
,
v12 = b1 =
{
χ34,χ56, y34, y56| y¯34, y¯56, η¯0, η¯1}, (9)
where the vector 1 = {ψμ, χ1,...,6, y1,...,6, ω1,...,6| y¯1,...,6, ω¯1,...,6,
η¯1,2,3, ψ¯1,...,5, φ¯1,...,8} is obtained as the linear combination 1 =
S+∑i ei+z0+z1+z2+z3. In (9) we used the usual notation of the 
free fermionic formalism [11]. The gauge group generated by vec-
tor bosons arising in the 0-sector is SO(8) × SO(8) × SO(8) × SO(8). 
The gauge symmetry may be enhanced by vector bosons arising 
from nine additional purely anti-holomorphic sets given by:
G = {z0, z1, z2, z3,
z0 + z1, z0 + z2, z0 + z3, z1 + z2, z1 + z3, z2 + z3}. (10)
The basis vector b1 reduces the N = 4 → N = 2 spacetime super-
symmetry and the untwisted gauge symmetry to SO(8) × SO(4) ×
SO(4) × SO(8) × SO(8). Additionally, it gives rise to the twisted 
sector, which produces matter states charged under the four di-
mensional gauge group. The sixteen sectors Bpqrs1 = b1 + pe3 +
qe4 + re5 + se6, with p, q, r, s ∈ {0, 1}, correspond to the sixteen 
ﬁxed points of the non-freely acting Z2 orbifold.
For speciﬁc choices of the GGSO projection coeﬃcients the 
gauge group is enhanced. The vector bosons arising from the 
sector z3 may enhance the SO(8) × SO(4) × SO(4) symmetry to 
SO(12) × SO(4), which may be enhanced further to E7 × SU (2). In 
the case of E7 both z3 and z0 are generators of the E7 gauge group. 
In the case of SO(12) the matter representations are obtained from 
the following sectors: the two sectors Bpqrs1 and B
pqrs
1 + z3 give 
the vectorial 12 representation and the two sectors Bpqrs1 + z0 and 
Bpqrs1 + z3 + z0 the spinorial 32.
For appropriate choices of the GGSO phases either the spinorial 
or the vectorial representations from a given sector are retained 
in the spectrum. If both the spinorial and the vectorial states are 
retained in a given sector, the SO(12) × SU (2) symmetry is nec-
essarily enhanced to E7. We note therefore that it is precisely the 
basis vector z0 that acts as the spectral ﬂow operator. For an ap-
propriate choice of the phases it acts as a generator of E7, whereas 
when the E7 symmetry is broken to SO(12) × SU (2), coupled with 
appropriate mapping of the GGSO projections, the spinor–vector 
duality map is induced. Examining the basis vectors in (9) we 
see that z0 is precisely the mirror of the basis vector S , which 
is the spacetime supersymmetry generator on the fermionic side 
of the heterotic-string. Hence, S is an operator of the left-moving 
N = 2 world-sheet supersymmetry, whereas z0 is an operator of 
the world-sheet supersymmetry on the bosonic side.
An important feature of the Z2 × Z′2 models is that the spec-
tral ﬂow operator is of order two, i.e. the sector 2z0 is identiﬁed 
with the untwisted sector. This leads to two different models, as 
explained above, related via the spinor–vector duality. In this pa-
per we generalize these ideas to arbitrary internal RCFTs. For these, 
the spectral ﬂow operator will generically be of order greater than 
two leading naturally to a bigger family of models. In the follow-
ing sections we explain how these models are related in the most 
general case.
3. The spectral ﬂow
To handle the most general case in what follows, we will be 
slightly changing our notation from the one used in the previous 
section and in the free fermionic language. Our starting point here 
is generic (2, 2) heterotic models with an internal CFT with c = 9. 
The standard examples of interacting constructions are the Gepner 
models [2] in which the internal CFT is a product of minimal mod-
els, but all our arguments are completely general. A general state 
in such a model is of the form:
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and the right-moving part which we wish to focus on is of the 
form
ΦR = (w)(h, Q )(p), (12)
where w is an SO(10) weight (o, v, s, c) and p an E8 weight. 
The appearance of the SO(10) and E8 weights is because of the 
bosonic string map which is used to construct a modular invariant 
heterotic-string theory from a type II theory. It replaces the ŝo(2)1
Kac–Moody algebra with an ŝo(10)1 × (ê8)1 one [1].
The mass formula is
α′M2R
2
= hTOT − c
24
= w
2
2
+ h + p
2
2
+ NR − 1, (13)
where we have used the fact that c = 24 for the bosonic string 
and we have also included the contribution NR from the oscillators 
corresponding to the spacetime bosons.
By deﬁnition a CFT is said to have N = 2 world-sheet super-
symmetry if it includes four ﬁelds:
T (z) =
∑
n∈Z
Lnz
−n−2, (14)
G±(z) =
∑
n∈Z
G±n±az−n−
3
2∓a, (15)
J (z) =
∑
n∈Z
Jnz
−n−1, (16)
that satisfy the algebra2:
[Lm, Ln] = (m− n)Lm+n + c
12
(
m3 −m)δm+n,0,
[
Lm,G
±
n±a
]= (m
2
− n ∓ a
)
G±m+n±a,
[Lm, Jn] = −n Jm+n,
[ Jm, Jn] = c
3
mδm+n,0,[
Jm,G
±
n±a
]= ±G±m+n±a,{
G+m+a,G−n−a
}= 2Lm+n + (m − n + 2a) Jm+n
+ c
3
(
(m+ a)2 − 1
4
)
δm+n,0,{
G+m+a,G+n+a
}= {G−m−a,G−n−a}= 0, (17)
where a is a real parameter that describes how the fermionic su-
perpartners G± of T transform:
G±
(
e2π i z
)= −e∓2π iaG±(z). (18)
The algebras for a and a + 1 are isomorphic. a ∈ Z corresponds to 
the R sector and a ∈ Z + 12 corresponds to the NS sector. A state 
is completely described by the eigenvalues h (called the conformal 
dimension) and Q (called the U (1) charge) of the operators L0 and 
J0 that form the Cartan subalgebra:
|φ〉 = |h, Q 〉. (19)
We also note that the algebra is invariant under the following 
transformation which is known as the spectral ﬂow:
2 For comprehensive reviews and references see, e.g. [1].Lηn = Ln + η Jn + c6η
2δn,0,
Gη±n±a = Gη±n±(a+η),
Jηn = Jn + c3ηδn,0. (20)
This also implies the existence of a spectral ﬂow operator Uη that 
acts on states in the following way:
Uη|h, Q 〉 = |hη, Qη〉 =
∣∣∣∣h − ηQ + η2c6 , Q − cη3
〉
. (21)
Of particular interest are the states∣∣∣∣38 ,±32
〉
R
= U∓ 12 |0,0〉NS, (22)
because they can be combined with the s and c weight vectors of 
SO(10) with the smallest possible length to give massless states. 
Indeed, such vectors are of the form
w =
(
±1
2
,±1
2
,±1
2
,±1
2
,±1
2
)
(23)
and have w2 = 54 . An even number of minus signs corresponds to 
s and an odd number of minus signs to c. We then note from (13)
that whenever the internal CFT has N = 2 world-sheet supersym-
metry the states
±β0 = (±c)
(
3
8
,±3
2
)
(0) (24)
will be part of the massless spectrum. These states describe gauge 
bosons in the 16 and 16 of SO(10) and, in conjunction with the 
U (1) symmetry of the N = 2 algebra, they extend SO(10) to E6. 
This proves our previous claim that the N = 2 superconformal al-
gebra on the bosonic sector is associated with E6 gauge symmetry. 
The states in (24) are an extension of the spectral ﬂow operator of 
the internal CFT. We call these states the spectral ﬂow operator as 
well.
4. The simple current formalism
Since we already started from a (2, 2) model, there will be a 
modular invariant partition function (MIPF) describing it. It will be 
of the form
Z [τ , τ¯ ] =
∑
i, j
χi(τ )Mijχ j(τ¯ ), (25)
where χi are the characters of the chiral algebra and Mij a mod-
ular invariant. For our examples, we take this to be the partition 
function of the usual Gepner models, i.e. after the projections of 
the universal simple currents β0 and βi have been applied to en-
sure spacetime supersymmetry [2]. Nevertheless, the approach is 
very general and valid whenever the simple current method can 
be used to construct modular invariants. This includes any RCFT 
and potentially some non-rational CFTs in which the chosen sim-
ple current deﬁnes a ﬁnite orbit as well. To avoid this complication 
we restrict ourselves to RCFTs through this paper.
As explained in the introduction we are not interested in the 
(2, 2) models per se but rather in the (2, 0) that we get after 
breaking the E6 symmetry on the right. A consistent and modular 
invariant (2, 0) model can be derived from a (2, 2) model through 
the simple current construction [4,14]. This is the same as the beta 
method for Gepner models and it practically amounts to orbifold-
ing the original (2, 2) model. The result is that states not invariant 
under the action of the simple current are projected out and new 
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β for a simple current3 and we will focus on simple currents that 
break E6 on the right to SO(10). The MIPF for the resulting model 
is then
Z [τ , τ¯ ] =
∑
χi(τ )MikMkj( J )χ j(τ¯ ), (26)
where
Mkj( J ) = 1N
N J∑
n=1
δ
(
Φk, J
nΦ j
)
δZ
(
Q J (Φk) + n2 Q J ( J )
)
(27)
is called a simple current modular invariant (SCMI) and N is a nor-
malization constant ensuring that the vacuum only appears once. 
In practical terms, the above formula means that:
i) Only states whose left part is connected to the right through 
J will appear in the partition function, i.e. states with ΦL =
JnΦR = ΦR + nβ . This deﬁnes the n-th J -twisted sector.
ii) Only states invariant under the projection will appear in the 
partition function. This is expressed in the constraint Q J (Φ) +
n
2 Q J ( J ) ∈ Z. Q J is called the monodromy charge and is de-
ﬁned as
Q J (Φ) = h(Φ) + h( J ) − h( JΦ) mod 1. (28)
The easiest way to see that this is the appropriate condi-
tion for invariance under the J projection is to note that the 
monodromy charge is conserved modulo 1 in operator prod-
ucts and thus implies the existence of a phase symmetry 
Φ → e−2π iQ J (Φ)Φ . This induces a cyclic group of order N J . N J
is called the order of J and it can also be proven that Q J (Φ)
is quantized in units of 1/N J [14].
The deﬁnition (28) is for any general RCFT. For Gepner models, 
where Φ = (wΦ)(
lΦ, 
qΦ, 
sΦ)(pΦ) and J = (w J )(
l J , 
q J , 
s J )(p J ), it 
takes the explicit form:
Q J (Φ) = −w J · wΦ − p J · pΦ +
r∑
i=1
(−liΦ liJ + qiΦqiJ
2(ki + 2) −
siΦ s
i
J
4
)
.
(29)
In this form it is easy to see that
Qβ(Φ) = QΦ(β) and Q β1+β2(Φ) = Qβ1(Φ) + Qβ2(Φ), (30)
i.e. the monodromy charge is symmetric and linear with respect to 
its arguments. These properties are true in general [14].
Another thing to note is that if J and J ′ are simple currents 
then J J ′ is a simple current as well. In fact, we can generalize (27)
to the case where we orbifold by J1, . . . , J i, . . . simultaneously. To 
simplify the notation let 
n label the twisted sectors and deﬁne
[
n]k ≡ Jn11 · · · Jnii · · ·Φk ≡ Φk +
∑
i
niβi .
Then the most general SCMI is [15]:
Mk,[
n]k = 1N
∏
i
δZ
(
Q Ji (Φk) + Xijn j
)
. (31)
The matrix X is deﬁned modulo 1 and its elements are quantized 
as Xij = nij∈Zgcd(Ni ,N j) . It also satisﬁes Xij + X ji = Q Ji ( J j). This ﬁxes 
its symmetric part completely. The remaining freedom in choosing 
the antisymmetric part corresponds to discrete torsion [15].
3 Using multiplicative notation for the action of J and additive notation for the 
action of β .5. Outline of the idea
We start with a particular simple current J . Any J would do, 
but for the reasons explained in the introduction the simple cur-
rents that we have in mind will break E6, thus giving a (2, 0)
model. We call the (2, 0) model that is derived this way M0. We 
also know that J0 (β0) is generically a simple current of every 
(2, 2) model since it is the spectral ﬂow operator that enhances the 
symmetry to E6 on the right. This naturally deﬁnes a whole fam-
ily of models {M}α that are derived through the simple currents 
J , J0 and linear combinations of them with and without discrete 
torsion.
The task of examining how the spectra of these models are re-
lated to each other is very fascinating and daunting at the same 
time. We will not attempt to carry out the analysis in its full gen-
erality here. Instead, we will restrict ourselves to the more modest 
goal of explaining how the mapping induced by the spectral ﬂow 
J0 (β0) works.
6. Mapping induced by the spectral ﬂow
Here we focus on the family of models M0, . . . , Mm that are 
derived through the simple currents J , J J0, . . . , J Jm0 or equiva-
lently β, β + β0, . . . , β +mβ0. This family will have Nβ0 members 
where Nβ0 is the order of β0. Our goal is to study how the mass-
less spectra in these models are related. To that end, we take a 
closer look at the model Mm .
We start by examining the untwisted sector.4 Massless states in 
the original (2, 2) model will also belong to the Mm model if they 
survive the invariance projections. Note that
Qβ+mβ0(Φ) = Qβ(Φ) +mQβ0(Φ) = Qβ(Φ) mod 1, (32)
where in the last step we used the fact that Q β0(Φ) ∈ Z be-
cause Φ belongs to the original (2, 2) model. This proves that 
Q β+mβ0(Φ) ∈ Z ⇔ Q β(Φ) ∈ Z and therefore the untwisted sectors 
of every model in the M family are identical.
Let us now consider the twisted sectors. Note that models Mm1
and Mm2 will in general have a different number of twisted sec-
tors since β + m1β0 and β + m2β0 will be of different order. Let 
us analyze the n-twisted sector of the Mm model. A very useful 
formula can be found by rearranging (28) as
h(Φ + β) = h(Φ) + h(β) − Qβ(Φ),
and by induction:
h(Φ +mβ) = h(Φ) +mh(β) −mQβ(Φ) − m(m− 1)
2
Qβ(β),
(33)
where the equations are understood mod 1. Massless states in the 
n-twisted sector of Mm are of the form
ΦL ⊗
(
Φ˜L + n(β +mβ0)
)
, (34)
where this time we have written the tilde explicitly to remind us 
that we have applied the bosonic string map. In the notation of 
Eq. (12) this is simply [2]:
Φ˜L = ΦL + (v)(0,0)(0). (35)
4 Here and in what follows untwisted sector means untwisted with respect to 
the simple current that deﬁnes the model, i.e. states with n = 0 in (34). The states 
might be twisted with respect to other simple currents that were present in the 
original (2, 2) model but this does not affect our argument.
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h(ΦL) = 1
2
, h(Φ˜L) = 1 and h(Φ˜L + nβ + nmβ0) = 1. (36)
Furthermore, as explained before and as can be seen from (27), the 
states must also satisfy the invariance condition
Qβ+mβ0(Φ˜L) +
n
2
Qβ+mβ0(β +mβ0) ∈ Z. (37)
Using linearity of the monodromy charge and the fact that 
Q β0 (Φ˜L) ∈ Z and Q β0(β0) ∈ 2Z because Φ˜L and β0 belonged to 
the massless spectrum of the original (2, 2) model, the invariance 
condition becomes
Qβ(Φ˜L) + n
2
Qβ(β) +mnQβ0(β) ∈ Z. (38)
We can also further manipulate (36) to derive another condi-
tion. Bearing in mind that in what follows all the calculations are 
mod 1, we get:
0 = 1 = h(Φ˜L + nβ + nmβ0)
(33)= h(Φ˜L + nβ) + nmh(β0)︸ ︷︷ ︸
∈Z
−nmQβ0(Φ˜L)︸ ︷︷ ︸
∈Z
−n2mQβ0(β)
− nm(nm− 1)
2︸ ︷︷ ︸
∈Z
Qβ0(β0)︸ ︷︷ ︸
∈Z
= h(Φ˜L + nβ) − n2mQβ0(β)
(33)= h(Φ˜L)︸ ︷︷ ︸
=1=0
+nh(β) − nQβ(Φ˜L) − n(n − 1)
2
Q β(β)
− n2mQβ0(β)
(38)= nh(β) + n
2
Qβ(β) (39)
Or in other words,
n
(
h(β) + 1
2
Qβ(β)
)
∈ Z. (40)
Eqs. (38) and (40) are the main results of this section. In gen-
eral, these conditions are necessary but not suﬃcient because 
of the inherent uncertainty in the deﬁnition of the monodromy 
charge which is given mod 1. Nevertheless, the beauty of this gen-
eral argument is that starting from an arbitrary (2, 0) model we 
get a handle on the massless spectrum in any twisted sector of 
any model in the family.
7. An example
The fact that these conditions are necessary provides a prime 
test for where not to look for massless states in a particular model. 
This can be of great importance when performing a computer scan 
in the space of models, so we give an example below.
Our starting point is the Gepner model kr = 26, which is a (2, 2)
model. In this model the internal CFT is a product of 6 minimal 
models each of which has central charge c = 3kk+2 = 32 . All states 
will be of the form (11) but this time the internal CFT state is com-
pletely described by three vectors 
l, 
q and 
s so we will be using 
the notation ΦR = (w)(
l, 
q, 
s)(p = 0) instead. For the sake of the 
argument let us focus our attention on the massless charged spec-
trum in this model, which of course will fall into the fundamental 
(27) or anti-fundamental (27) representation of E6. Without loss 
of generality, we will study states in the 27, which under the SO(10) group decomposes into 10 + 16 + 1. Let us brieﬂy remind 
the reader that the right-moving part of such massless states will 
then be of the form:
• 10s: ΦR = (v)(Φ I )(p = 0) with
Φ I ∈ {(0,0,0)4(0,2,2)2, (0,0,0)2(1,−1,0)4,
(0,0,0)3(0,2,2)(1,−1,0)2},
• 16s: ΦR = (c)(Φ II)(p = 0) with
Φ II ∈ {(0,−1,−1)4(0,1,1)2, (0,−1,−1)2(1,−2,−1)4,
(0,−1,−1)3(0,1,1)(1,−2,−1)2},
• 1s: ΦR = (w = 0)(Φ III)(p = 0) with
Φ III ∈ {(0,−2,−2)4(0,0,0)2, (0,−2,−2)2(1,−3,−2)4,
(0,−2,−2)3(0,0,0)(1,−3,−2)2},
where underlining means permutations.
In this model β0 has the usual form
β0 = (c)(0,1,1)6(p = 0) (41)
and is of order Nβ0 = 8. We choose the simple current with which 
we will orbifold our theory to be
β = (w = 0)(2,1,−1)(0,0,0)5(p = 0), (42)
which is also of order Nβ = 8 and we note that Q β(β0) =
3
8 /∈ Z . Therefore the gauge bosons extending SO(10) to E6 are 
indeed projected out and we end up with a (2, 0) model. As ex-
plained in the previous section, this process naturally induces a 
whole family of models M0, . . . , M7 that arise if we orbifold by 
β, . . . , β + 7β0 respectively.
The untwisted sector in all of these models will be the same 
and it will consist of all the states mentioned above that satisfy 
the invariance condition
Qβ(ΦR) ∈ Z ⇔ −2l1 + q1 + 2s1
8
∈ Z. (43)
For the n-twisted sector we will use Eq. (40). h(β) can be readily 
calculated from the known formula for Gepner models [2]:
h =
r∑
i=1
(
li(li + 2) − q2i
4(ki + 2) +
s2i
8
)
(44)
and we ﬁnd that
n
(
h(β) + 1
2
Qβ(β)
)
= n
(
9
16
+ 1
2
(
−5
8
))
= n
4
∈ Z. (45)
This means that massless states can only arise in the untwisted 
n = 0 sector, which we have already studied, or in the n = 4
twisted sector. In the latter sector the right-moving part of the 
states will be of the form
ΦR = Φ˜L + 4(β +mβ0)
= Φ˜L + 4β + 4mβ0
= Φ˜L + (w = 0)(0,4,0)(0,0,0)5(p = 0)
+m(w = 0)(0,4,0)6(p = 0)
=
{
ΦL + (w = 0)(0,4,0)(0,0,0)5(p = 0) if m even
ΦL + (w = 0)(0,0,0)(0,4,0)5(p = 0) if m odd , (46)
where we have used the properties [2] that for Gepner models 
q is deﬁned mod 2(k + 2), s is deﬁned mod 4 and we have also 
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tiple times. A quick comparison with Φ I , Φ II and Φ III given above 
shows that states of the form (46) cannot be massless charged 
states, so the spectrum consists of the states in the untwisted sec-
tor only.
Once more, the power of this method is that it allowed us to 
check only one twisted sector (n = 4) for massless states, as op-
posed to checking as many as seven of them for each model that 
we would a priori expect in this example.
8. Some further generalizations
There are many ways to generalize the above ideas to generate 
even more relationships in the space of (2, 0) models. For example, 
we are not restricted to using only β0 but the natural splitting of 
the states into an SO(10) part, an internal N = 2 CFT and an E8
part suggests that any
β0′ = (w)
(
βCFT0
)
(p)
would generate its own orbit of (2, 0) models. Furthermore, when 
the internal CFT can be written as a tensor product of N = 2
superconformal theories each term comes with a spectral ﬂow op-
erator β i0. We can then go one step further and use only some of 
the β i0’s instead of the entire β
CFT
0 .
Finally, as explained earlier, the presence of a simple current J
that breaks (2, 2) to (2, 0) increases the possibilities even further. 
We can now have any linear combination of J , with any of the 
β ’s mentioned above, with or without discrete torsion, and any 
such simple current will create its own orbit in the space of (2, 0)
models.
In this paper we have shown explicitly how to use one of these 
mappings, the spectral ﬂow β0, to generate an entire family of 
models and we have derived useful expressions for the analysis of 
the spectra of these models. We believe that having not just one, 
but a big selection of such mappings as explained above will prove 
to be an important tool in the classiﬁcation of (2, 0) models.
9. Conclusions
Heterotic-string vacua with (2, 0) world-sheet supersymmetry 
are particularly interesting from a phenomenological point of view, 
as they reproduce the SO(10) GUT structure, which is well moti-
vated by the Standard Model data. Ultimately, the confrontation of 
a string vacuum with low scale experimental data will be achieved 
by associating it with an effective smooth quantum ﬁeld theory 
limit. However, while the moduli spaces of (2, 2) heterotic-string 
compactiﬁcations, and consequently their smooth limit, are rea-
sonably well understood, this is not the case for those with (2, 0)
world-sheet supersymmetry. Indeed, the study of these moduli 
spaces is an area of intense contemporary research, for recent ex-
amples, see e.g. [16].
In this paper we discussed how the spinor–vector duality, 
which was observed in the framework of heterotic-string compact-
iﬁcations with free world-sheet CFTs, can be extended to those with general RCFTs. The recipe adopted from the free case is the 
following: We start with a (2, 2) compactiﬁcation and break the 
world-sheet supersymmetry on the bosonic side. The spectral ﬂow 
operator, that operates as a symmetry generator of the (2,2) the-
ory, then induces a map between the string vacua of the (2, 0)
theory. As such, the map induced by the spectral ﬂow opera-
tor provides a useful tool to explore the moduli spaces of (2, 0)
heterotic-string compactiﬁcations. The question of interest in this 
respect is twofold. First, is this description complete? Namely, 
do all (2, 0) heterotic-string compactiﬁcations descend from (2, 2)
theories? Second, what is the imprint of this map in the effective 
ﬁeld theory limit? We hope to return to these questions in future 
publications.
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